Abstract: This paper presents a comprehensive theoretical study of the magnetic-tunable near-field radiative heat transfer (NFRHT) between two twisted graphene gratings. As a result of the quantum Hall regime of magneto-optical graphene and the grating effect, three types of graphene surface plasmon polaritons (SPPs) modes are observed in the system: near-zero modes, high-frequency hyperbolic modes, and elliptic modes. The elliptic SPPs modes, which are caused by the combined effect of magnetic field and grating, are observed in the graphene system for the first time. In addition, the near-zero modes can be greatly enhanced by both grating and magnetic field, rendering graphene devices promising for thermal communication at ultra-low frequency. The combined effect of grating, magnetic field, and twist is investigated simultaneously. The external magnetic field improves the abilities of graphene filling factor and twisted angle to modulate NFRHT. In particular, the magnetic field endows the twist action with a higher modulation range of heat transfer, especially for large graphene filling factors when elliptic and hyperbolic modes exist. In sum, the combined effect of magnetic field and twist provides a tunable way to realize the energy modulation or multi-frequency thermal communications related to graphene devices.
I. INTRODUCTION
Near-field radiative heat transfer (NFRHT), first proposed by Rytov [1] and formalized by Polder and Van Hove [2] , can exceed Planck's blackbody limit by several orders of magnitude in nanoscale separation distance. In recent years, rapid progress has been achieved in nanoscale thermal radiation [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . Graphene, a monolayer sheet of carbon atoms, exhibits intriguing electronic properties that arise from its massless Dirac dispersion of electrons.
Owing to its unusual physical characteristics, graphene is a promising candidate for fundamental research and new applications [15] [16] [17] .
Graphene surface plasmon polaritons (SPPs) can be excited in the near-field regime to transport energy in photonic channels [18] . In recent years, several theoretic studies on NFRHT concerning graphene have emerged.
The near-field radiative heat transfer has been investigated between two suspended graphene sheets [19, 20] , two graphene sheets patterned in ribbon arrays [21] , graphene disks [22] [23] [24] [25] and multilayer graphene systems [26] [27] [28] [29] [30] [31] [32] .
Given its excellent modulating performance and strongly confined SPPs, graphene can greatly enhance and tune NFRHT when it is coated on dielectric materials [33] [34] [35] either in parallel-plate configurations [18, 26, [36] [37] [38] [39] [40] [41] or grating geometry [42] [43] [44] [45] [46] [47] . Moreover, graphene can enhance NFRHT for materials with nonmatching surface excitations [48] . Covering the cell of the near-field thermophotovoltaic system with a graphene monolayer enhances performance of the device [27, 36, [49] [50] [51] . However, existing research on modulating NFRHT with graphene is based on tuning the chemical potential of graphene by electronic method or doping.
In consideration of the magneto-optical characteristics of semiconductors, such as InSb, an external magnetic field is applied to modulate the NFRHT of magneto-optical nanoparticles [52] [53] [54] [55] and plates [56, 57] . The unique phenomena caused by magnetic field are mainly attributed to the anisotropic permittivity of InSb. In addition, applying an external magnetic field perpendicularly to graphene induces some unique phenomena, such as quantum Faraday effects and Kerr effects [58, 59] because of the magneto-optical conductivities of graphene [60] [61] [62] . In particular, the magnetic field modulates the NFRHT between two suspended graphene sheets [63, 64] .
Shubnikov-de Haas-like oscillations have been observed in the spectral heat flux caused by the intraband or interband transitions between various Landau levels (LLs). For a strong magnetic field, an additional band with the resonant peak appearing at near-zero frequency exists, which has never been found in graphene systems at such a low frequency before.
The surface characteristics of objects can be anisotropic when they are patterned into metasurfaces or gratings. In the near-field regime, the heat transfer can be modulated in a mechanical method by changing the twisted angle between the optical axes of the two anisotropic surfaces [65] [66] [67] [68] [69] . Considering this phenomenon, we combine the effects of twist and magnetic field in the present study to modulate the NFRHT between two graphene gratings. The paper is structured as follows. In Section II, the anisotropic magneto-optical conductivity of graphene gratings, reflection coefficients and energy transmission coefficients are introduced. In Section III, the NFRHT between two parallel gratings in the presence of a magnetic field is investigated. The effects of graphene filling factor and magnetic field on NFRHT are investigated. Then, in the absence of a magnetic field, the effect of twist on NFRHT is studied for different graphene filling factors. In Section IV, the combined effect of twisted angle and magnetic field is studied simultaneously. Finally, in Section V, we provide conclusive remarks.
II. PHYSICAL SYSTEM
A. NEAR-FIELD RADIATIVE HEAT TRANSFER We consider a system composed of two parallel graphene gratings separated by a vacuum gap with separation distance d. The two graphene gratings are composed of arrays of graphene strips with the periodicity L and the strip widths L g , as illustrated in Fig. 1 . The temperatures of the two gratings are denoted as T 1 and T 2 . The two gratings are twisted, and the twisted angle  is represented by the main axes of the two gratings, which are labeled with blue and red dashed lines. An external magnetic field B is applied perpendicularly to the graphene
where  0 =/c is the wave vector in vacuum, 
B. MAGNETO-OPTICAL CONDUCTIVITY OF GRAPHENE GRATINGS
When a magnetic field is applied perpendicularly to graphene, the response of graphene electrons to the external magnetic field displays a characteristic optical quantum Hall effect [60, 72] . [73] , the magneto-optical conductivity of graphene assumes the simple form in the random phase approximation [72, 74] 
where g s(v) =2 is the spin (valley) degeneracy factor of graphene, e is the charge of an electron, and h is Planck's constant. 
 
nm   is the LL broadening, taken as 6.8meV in this paper [75] .
With the application of an external magnetic field, electrons acquire considerable cyclotronic energies via the Lorentz force. The continuum Dirac energy spectrum evolves into degenerated LLs with the energies of n-th LL given by 
where  is the Kronecker symbol.
To demonstrate the quantum regime of the magneto-optical conductivity clearly, we show the schematic of the electronic transitions of graphene for =0, 0.2, 0.3 eV with a magnetic field B=10 T (E 1 ≈0.11 eV) in Figs. The allowed interband and intraband transitions are represented with the vertical arrows in blue and crooked arrows in red, respectively. As shown in Fig. 2(a) , the state at n=0 falls at the apex of the Dirac cones, where positive and negative energy cones meet. The transition involving zero-energy from n=0 to n=1 LLs in Fig. 2(a) is the only transition that cannot be definitely designated as inter or intraband transition. In this study, it is denoted as an interband-like transition for simplicity.
In consideration that the magneto-optical conductivity of graphene is mainly determined by the longitudinal part, the real and imaginary parts of longitudinal conductivity are plotted for B=10 T, with red and blue solid dominates at low frequency where most of the spectral weight is centered around Fig. 2 (e)). Interband transitions with an Figs. 2(e) and (f)). A series of absorption peaks demonstrating the maxima of the real part and 0 for the imaginary part at high frequencies is observed.
In view of Eq. (8) and the definitive formula of N F , N F decreases as the magnetic field B increases. As a result, no intraband transitions can occur at a low electronic density or strong magnetic field (large E 1 ), i.e., =0 eV<E 1 ≈0.11 eV. The magneto-optical conductivity is completely determined by the interband transitions. For a high electronic density of =0.2 eV between E 3 and E 4 as shown in Fig. 2 (e), some low-frequency interband transitions vanish and intraband transitions emerge. For a higher electronic density of =0.3 eV as shown in Fig. 2(f), the interband threshold is so large that interband transitions decay greatly. In this case, intraband transitions dominate the magneto-optical conductivity of graphene. In sum, the response of graphene electrons to the external magnetic field has two regimes: (i) the semiclassical limit, for low magnetic field and/or high electronic density;
and (ii) the quantum Hall regime, for strong magnetic field and/or low electronic density. For two twisted graphene gratings, the conductivity tensor should be modified by the effective conductivity [76] 
where the effective conductivities along (∥) and across (⊥) the main axis, and effective Hall conductivity
where f g =L g /L is the graphene filling factor, and f c =1-f g is the filling factor of the free space between adjacent strips.
[77] is an equivalent conductivity associated with the near-field coupling between adjacent strips, where  eff denotes the relative permittivity of the dielectric medium surrounding graphene.
For two suspended graphene sheets or gratings,  eff equals 1.
For the strip periodicity L=20 nm and graphene filling factor f g =0. 
III. RESULTS AND DISCUSSION
To ensure the accuracy of the calculations based on the effective medium theory (EMT), the vacuum gap distance d should be several times larger than the strip periodicity. As given by Ref [21] , for L=20 nm, the EMT predicts the real heat flux well when d ≥ 60 nm. In the following results, the parameters are selected as d=60 nm, L=20 nm, T=300 K unless otherwise noted.  j in Eq. (10) denotes the azimuthal angle of the main axis for grating j (j=1, 2), which is illustrated in Fig. 1 . When the gratings are aligned, the relationship of azimuthal angles for the two gratings is  2 = - 1 . If a twisted angle  exists between the two gratings, then  2 =- 1 +. In view of Eqs. (4)- (5) and (10), integration over azimuthal angles is necessary for the energy transmission coefficients because Fresnel's coefficients and conductivity of graphene gratings depend on  Hence, the energy transmission coefficients considering the integration over azimuthal angles are given as
In particular, when f g =1, our results match well with those for two magnetic graphene sheets [63, 64] . When f g <1, B=0 T and twisted angle =0°, we can obtain the same results as those for graphene gratings in the absence of a magnetic field [21] . In the following discussion, the radiative heat transfer coefficient (RHTC) is utilized to evaluate the NFRHT between two twisted graphene gratings as   The contours of energy transmission coefficients for different B are given in Fig. 4(a) to explain the modulation effect of magnetic field. For zero-field in Fig. 4(a-1) , the energy transmission coefficients occupy a whole - area, which is similar to that of two suspended graphene sheets. Then, they are converted to two separated parts when a magnetic field is applied. In fact, energy transmission coefficients split into multiband spectra in higher frequency. However, they are so weak that we do not demonstrate them here. As B increases, the low-frequency modes gradually decay to a narrow band, and they are given in separate panels in Figs. 4(a-4)-(a-6) .
To demonstrate the trend of high-frequency and low-frequency modes clearly, the spectral RHTCs for B=5, 10, 15
T are given in Fig. 4(b) . When B is higher than 5 T, the low-frequency modes become near-zero modes, as demonstrated in magnetic graphene sheets [64] . The near-zero modes gradually become stronger and the band becomes wider as B increases. Instead, the high-frequency modes gradually attenuate and show a blue shift at the same time. The larger modulation speed observed in Fig. 3(b) for B=0-5 T is mainly caused by the simultaneous attenuation of the two modes, whereas the high-frequency and near-zero modes have different trends for larger B For two parallel gratings, the graphene filling factor greatly influences heat transfer. To study the effect of the graphene filling factor f g together with the magnetic field B, we provide the RHTCs corresponding to different sets of (B, f g ) in Fig. 5(a) . In the presence of a weak magnetic field, the maximum RHTC is reached when f g =1, which means graphene sheets. Moreover, for different f g , the RHTC decreases with increasing B. The detailed results are given by the modulation factor of magnetic fields (B) in the inset of Fig. 5(a) . The modulation speed of magnetic field decays dramatically at large B, especially for low f g . The modulation effect of the magnetic field for gratings is greater than that for graphene sheets when f g is lower than 0.4. Interestingly, the modulation effect of the magnetic field is greater for lower f g when graphene sheets are patterned into gratings. This result is mainly attributed to the combined effect of anisotropic optical conductivities in orthogonal directions, which are dependent on the magnetic field. To demonstrate the effect of f g clearly, we plot (f g )=(h(B, f g )-h(B,1))/h(B,1), defined as the the modulation factor of graphene filling factor, as a function of f g for different B in Fig. 5(b) . The results show clearly that the magnetic field can tune the effect of graphene filling factor on modulating NFRHT.
For zero-field, (f g ) ranges from -0.8 to 0, but it has a wider range when a magnetic field is applied. The modulation range increases by nearly 19% when B increases from 0 to 5 T and increases slightly when B is larger than 5 T. The larger modulation range results from a higher modulation ability for heat transfer when the magnetic field and grating effect both work. As shown in Fig. 5(b-1) , the modulation effect of f g is greater for larger B at low f g (0-0.9) in the presence of a weak magnetic field. Nevertheless, for large f g (0.9-1), the (f g ) curves for different B are nearly in coincidence. It means that the grating effect dominates the heat transfer and that the effect of magnetic field loses efficacy when graphene strips greatly occupy the grating configuration. In Fig. 5(b-2) , the (f g ) curves have different trends with growing B, when the effect of the magnetic field is greater than that of the weak magnetic field. As B increases, the modulation speed of f g increases at low f g (0.1-0.8) and decays at large f g (0.8-1). Interestingly, (f g ) non-monotonically increases with f g , especially in the presence of a strong magnetic field, and its maximum value exists at around f g =0.7 for B=15 T. A similar phenomenon is observed for two parallel graphene gratings in the absence of a magnetic field for =0.5 eV in Ref. [20] . However, the optimal f g observed in Ref. [20] is different from the maximum (f g ). The unique phenomenon is caused by the combined effect of magnetic field and grating, and the physical mechanism is discussed in the following part in detail. The spectral results for different f g with B=15 T are given in Fig. 6 (a) to explore the physical mechanism of the grating effect clearly. When graphene sheets are patterned into strips, the near-zero peak greatly increases and the band becomes wider as f g decreases. Moreover, the high-frequency peak is converted into two parts, and they have different trends with f g . To intuitively explain the two modes, we plot the imaginary parts of anisotropic optical conductivities for orthogonal directions in Fig. 6 high-frequency hyperbolic modes. When f g is lower than 0.7, the near-zero modes and high-frequency hyperbolic modes both decay as f g decreases, which is not demonstrated in the figure. Fig. 7 . In the absence of magnetic fields, RHTC modulation factor of (a) twisted angle and (b) graphene filling factor f g In this section, the effect of twist between two graphene gratings on heat transfer is investigated in the absence of a magnetic field. The RHTC modulation factors of twisted angle ()=(h(f
B. TWISTED GRATINGS WITHOUT MAGNETIC FIELD
are given in Fig. 7(a) for different f g . The results reveal a strictly monotonic decreasing of () as  is increased from 0° to 90°, which is mainly attributed to the symmetry breaking caused by the twisting effect of gratings. The similar attenuation of heat transfer caused by twist has been observed in other NFRHT systems [64-66, 68, 69] , and they are all explained by the breaking of symmetry between two anisotropic surfaces. () ranges from 0 to -0.65 and -0.58 for f g =0.1 and f g =0. 25 , respectively. The () curves are basically in coincidence when f g is between 0.4 and 0.7. However, for larger f g , the modulation range of () decreases and reduces to zero when the gratings convert into sheets (f g =1). When f g is less than 1, the reflection characteristics of the two gratings are anisotropic.
Hence, the heat transfer is greatly dependent on the matching degree of the two interfaces, which is dependent on the twisted angle . As a result, twist action can largely reduce the heat transfer between the two graphene gratings. For large graphene filling factors, which means the grating configuration is mostly occupied by graphene strips, the anisotropy of graphene conductivity is so weak that the matching degree of the two interfaces is weakly influenced by the twisted angle. In Fig. 7(b) , RHTC modulation factors of graphene filling factor is increases as the twisted angle increases. At different f g , the modulation ability of f g is always greater for larger , which means the twist action can contribute to the modulation ability of f g . However, the modulation speed of f g is lower at low f g (0.1-0.8) and higher at high f g (0.8-1) with increasing . In the absence of a magnetic field, less f g and larger  can lead to larger modulation ability for the twisted angle and graphene filling factor to modulate the NFRHT, respectively. According to the conductivity for B=0 T in Fig. 4(c) , the graphene SPPs modes are hyperbolic in the absence of a magnetic field when graphene is patterned into gratings. Spectral RHTC and anisotropic energy transmission coefficients for different with f g =0.5 are given in Fig. 8 to reveal the underlying mechanism of the attenuation caused by twist. The spectral RHTC obviously reveals that the radiative heat transfer becomes weaker as the twisted angle increases. Although the peak of spectral RHTC slightly increases for large  (75°, 90°), it is decreasing in most part of the spectrum and the total heat transfer is reducing. In Fig. 8(b) , the red and green dashed lines denote the dispersion relations of the two graphene gratings. Clearly, they are in coincidence for =0°, which means the reflection characteristics of the two gratings are in good agreement. The contours show that the anisotropic energy transmission coefficients reach the maximum where the two dispersion relation curves intersect. The mismatch between the two dispersion relation curves of the two gratings increases as the twisted angle increases. Hence, the anisotropic energy transmission coefficients gradually decay and then the heat transfer is undoubtedly weakened. Fig. 9 . RHTC modulation factor of (a) twisted angle and (b) graphene filling factor f g with B=15 T
C. COMBINED EFFECT OF MAGNETIC FIELD AND TWIST
In this section, the effects of magnetic field and twist are investigated simultaneously to reveal their combined effect. Fig. 9 has the same form as Fig. 7 , whereas the magnetic field is applied to the graphene gratings Fig. 7(b) , the twisted angle has a greater influence on f g to modulate the NFRHT when a magnetic field is applied. Similar to the zero-field results, the modulation speed of f g is lower at low f g (0.1-0.8) and higher at high f g (0.8-1) with increasing . Moreover, the local maximum (f g ) at f g =0.7 gradually disappears as  increases. In Fig. 10 , the detailed results considering magnetic field and twist are given. For f g =0.5, the RHTCs corresponding to different sets of (B, ) are given in Fig. 10(a) . Same as the results in the absence of a magnetic field, RHTC decreases with increasing twisted angle for different B. This result can be preliminarily explained by the growing mismatch of reflection characteristics between two twisted gratings. In addition, RHTC still decays when the magnetic field strength increases for different twisted angles. To demonstrate the effect of twist clearly, we plot the modulation factors of twisted angle () for different magnetic fields in Fig. 10(b-1) . The results reveal an obvious difference in () between zero-field and non-zero-field, which is caused by their different modes. Moreover, the modulation range is widened as B increases and is nearly unchanged when B is larger than 10 T. The () curves are nearly in coincidence when  is lower than 45°, which means the modulation ability of twist is basically the same for small twisted angles. The results reveal that the magnetic field can hardly tune the modulation ability of twist at small  for small f g . To obtain insights into the attenuation caused by twist, we plot the spectral RHTC for B=15 T in Fig. 10 Fig. 10(c-2) . The red and green dashed curves denote the dispersion relations for the upper and bottom graphene gratings, respectively. The energy transmission coefficients achieve the maximum near the intersections of the two curves. As a result, for =0°, energy transmission coefficients are the largest because the dispersion relations are a perfect match. When  is larger than 0°, the mismatch between the two dispersion relations increases and the energy transmission coefficients decrease accordingly. In comparison with the results of f g =0.5, the greater modulation abilities of twist for f g =0.9 are mainly caused by the simultaneous attenuation of the near-zero modes, high-frequency hyperbolic modes, and elliptic modes.
IV. CONCLUSION
We have systematically studied the NFRHT between two twisted graphene gratings based on the quantum
Hall regime of magneto-optical graphene. For large chemical potentials, the pattern transformation from sheets to gratings weakens the magneto-optical characteristics of graphene. As a result, the NFRHT between graphene gratings can be greatly influenced by magnetic field only with low electronic density, which reveals the quantum Hall regime. Three graphene SPP modes are observed in the system: near-zero modes, high-frequency hyperbolic modes, and elliptic modes. However, only hyperbolic modes work in the graphene grating system without a magnetic field. Elliptic SPP modes are observed in the graphene system for the first time, which is caused by the combined effect of magnetic field and grating. In addition, the near-zero peak can be greatly enhanced by grating and magnetic field, rendering graphene devices a promising candidate for the thermal communication at ultra-low frequency.
Analysis of the effects of magnetic field, twisted angle, and graphene filling factor on the NFRHT reveals 
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